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Abstract 



We present a special solutions of the discrete Painleve equations associated with 

• I ^o^\ ^0^^* ™d ^o^''**-surface. These solutions can be expressed by solutions of lin- 

^ ' (1) 

ear difference equations. Here the Aq -surface discrete Painleve equation is the most 

generic difference equation, as all discrete Painleve equations can be obtained by its 
degeneration limit. These special solutions exist when the parameters of the discrete 
^ I Painleve equation satisfy a particular constraint. We consider that these special func- 

I tions belong to the hyper geometric family although they seems to go beyond the known 

O I discrete and g-discrete hypergeometric functions. We also discuss the degeneration 



scheme of these solutions. 



1 Introduction 

^ ! One of the authors presented the list of all difference Painleve equations from the view point 
^ . of algebraic geometry. For a rational surface, we can obtain a birational representation of 
■ certain affine Weyl group as its symmetry. We regard a translation part of the symmetry as 
a difference system. Discrete Painleve equations were classified on the basis of the types of 
rational surfaces, and some new equations were discovered by this classification ([^). 

Let X be a smooth projective surface. We denote by ICx the canonical divisor class on 
X, and by |— /Cx| the set of all positive divisors on X such that is linearly equivalent to 
—JCx- We call an element of |— /Cx| an anti-canonical divisor. Generalized Halphen surfaces 
are smooth projective rational surfaces with an anti-canonical divisor of canonical type. If 
|— /Cx| has a unique divisor D, then X is classified according to the type R oi D, where R 
is in the Table 0. The list of R can be obtained from the list of sublattice of Q{Eg^^) which 
are indecomposable and of affine type. We call a surface X an i?-surface. 
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Table 1: The list of indecomposable affine root subsystem of E^^^ 



(1) 



A 



(1) 



A 



(1) 



A 



(1) 




The arrows means inclusions {R ^ R' QiR) C Q{R')). 

Table 2: Classification of generalized Halphen surfaces with dim |— /Cx| = 



type 



R 



Elliptic type 
Multiplicative type 
Additive type 



A. 



4(1)* 4(1) 4(1) 4(1) 4(1) 4(1) ^(1) 4(1) 4(1)' ^(1) 
^0 ^1 ^2 ^3 ^4 ^5 ^6 ^7 ^7 ^8 

4(1)** 4(1)* 4(1)* 
^0 ^2 

r)(i) r)(i) r^(i) .^(1) r^(i) 

p(l) p{l) p(l) 
Jig ii7 iig 



In this paper, we consider the case that the root lattice Q{R) = 1,6 {6: null root) 
especially. It is the case that D itself is irreducible. Usually this lattice is not a root lattice, 
but we assign the symbol A^^^ to the type of the lattice. The divisor D has the three types; 
a smooth curve, a curve with a double point, a curve with a cusp. We assign the symbols 



4(1) 4(1)* 
^0 5 ^0 



and aI^^*" to each types respectively. This Aq'^' is the most generic case in this 
list. These three types of surfaces have Weyl group symmetry of type 

The types of surfaces are divided into three classes naturally. We call them the elliptic 
type, the multiplicative type and the additive type respectively. This classification corre- 
sponds to the types of discrete equation: what we call elliptic-difference equation, g-difference 



(1) 



equation and usual difference equation. See in detail 



In this list, -Dp"*, -^^'^''-surface can be constructed a space of initial conditions for Painleve 
differential equations. 

Each discrete Painleve equations are usually named by the form of discrete equation and 
the differential equation obtained at the limit, for example q-Piv, d-P/. But, in the view of 
the list, we cannot name all equations in this way. A. Ramani et al. named these equations 
from the symmetry that the equation has But there is a case that different equations 

have same symmetry. And it is not trivial whether discrete system with a given symmetry 



2 



Table 3: The Painleve differential equations 



the type of surface 


^(1) 




^(1) 




^8 


^(1) 




^(1) 


Painleve equation 


Pvi 


Pv 


^III 


^iii 


£,(1) 

^III 






Pi 



exists or not. For example, -surface has Weyl group symmetry of type but there is 
no surface with Weyl group symmetry of type d'^K So in this paper, we distinguish each 
discrete Painleve equations by the rational surface on which the equation is defined, and 
call, for example, the Ag^^'-surface discrete Painleve equation {dP{A^Q^)). 

We know many results about special solutions with respect to Painleve differential equa- 
tions whose parameters satisfy particular conditions (0, etc.). These solutions are divided 
into algebraic solutions and what we call Riccati solutions. Riccati solutions are expressed 
by solutions of linear equations of the second order. For example, the sixth Painleve equa- 
tion Pvi has special solutions expressed in terms of the Gauss hypergeometric functions. 
The discrete Painleve equations also possess Riccati solutions for particular values of the 
parameter. For example, the Ag^^-surface discrete Painleve equation (q-Pvi) has solutions 
expressed by the g-hypergeometric functions. 

In A. Ramani, B. Grammaticos, T. Tamizhmani and K. M. Tamizhmani presented 
special solutions of the ^^^''-surface discrete Painleve equation and its degenerations. But 
they did not mention about the discrete Painleve equations corresponding to the surfaces of 
types 4'^* and 4'^**- 

In this paper, we obtain special solutions for these discrete Painleve equations. We also 
discuss the degeneration scheme of these equations. 

The paper is organized as follows: 

In Sect. 0, we show a geometrical construction of the ■'-surface discrete Painleve equa- 
tion and a Riccati solution of this equation in Theorem ^. 

In Sect. H, we obtain the Aq^''* -surface discrete Painleve equation in geometric approach, 
and a special solution of this equation. And we show a degeneration scheme of these equations 
in Theorem ^, ^ 

In Sect. we obtain the y4Q^''**-surface discrete Painleve equation in geometric approach, 
and a special solution of this equation in a similar way. And we show a degeneration scheme 
of these equations in Theorem |^. 

In Sect. ^ we show as Theorem]^ a degeneration scheme between a special solution of the 
Aq^-**- surface discrete Painleve equation in Sect. |^ and a special solution of the A^^-'-surface 
discrete Painleve equation. 
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2 Elliptic type 



2.1 Discrete Painleve equation 

We present the AQ^^'-surface discrete Painleve equation {dP{A^^)). This system is equivalent 
to ell.P derived in |T^. In this paper, all 2 x 2 matrices represent PGL(2)-action on P^, i.e., 
w = ( " J ) z means w = 

\ c a / cz+d 

The A'^^ -surface discrete Painleve equation are the following difference system for un- 
known functions f(t), g{t): 



(2.1) 



g = M C7, C8, t - ^ 5Z j ^ C6, i - ^ 5^ 

• M (^f, C3, C4, t-^{ci + 02)^ M{f, Ci, C2, t) g, 

1 = M ^g, dj, d8,t-^Yl ^ (^3, d5, de^t-^^^ d^ 
■ M (g,d3,di,t- ^{di + 4) j M{g,di,d2,t) f, 



(2.2) 



where g = g{t + A), / = f{t — A) and 

M{h, Ki, K2, s) 

-1 1 

(2.3) f - p{K2)){p{2s) - p{2s - K2)){p{2s - ^) - p{2s - ^)) 

{h - p{^i)){p{2s) - p{2s - Ki))(p(2s - ^) - p{2s - ^^)) 

1 -p(2s-Ki) 
1 -p(2s - K2) 

Here hi (i = 1, . . . , 8) are constant parameters and set A = | ^^=1 Q = bi + t,di = t — bi. 
Note that we will regard {f{t),g{t)) as inhomogeneous coordinates o/P^ x P-"^. 

We derive this discrete equation as a translation of W{E^^'^) again. 

We construct Ag^^'-surface by blowing up P"*^ x P-*^ at eight points Pi{i = 1, ... ,8). For 
generic eight points there is an elliptic curve which passes through these eight points. We 
parameterize these eight points and the curve as follows: 

(2.4) {f + g + p{2t)){Ap{2t)fg - g,) = {^fg + p{2t){f + ^) + , 

(2.5) PC. {p{bi + t),p{t-bi)) {t = l 



•)••••) ^ J •) 
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Remark 2.1. We can parameterize an isomorphism class of surfaces by using the period 
mapping. The period mapping maps the elements of the second homology to C. 

Let a; be a meromorphic 2-form on X with div(a;) = —D. Then cu determines the period 
mapping x: H2{X -D,Z)^C which sends T e H2{X - D, Z) to J^cu. 

Now, there exists the short exact sequence: 

^ Hi{D, Z) -^H2{X- D, Z) ^ Q{Ei^^) ^ 0, 

8 

where g(£;f ^) = ^ Zcvj is the root lattice of type So we obtain the mapping 

i=0 

X:Q{Ei'^)^C mod x{Hi{D,Z)) 

through the period mapping x- In the case, the parameterization is the following. 

/o^N x(«i) = -4^, xM^bi + b2 + 2t, xi^i) ^h-bi-i {i ^S,...,7), 
(2.6) 

Xias) = 62 - bi, x(ao) = bg - fey- 
Here Q{E^^^) is reahzed in Pic(X) = H2(X, Z). And aj's are represented by the elements 
of the Picard group as follows: 

ai = Hi-Ho, a2 = Ho-Ei-E2, ai = Ei_i - Ei {i = 3, . . . ,7), 

(z.7j 

as = El — E2, ao = Et — Eg. 

We denote the total transform oi f — constant, (or g — constant) on X by Ho (or Hi 
respectively) and the total transform of the point pi by Ei. The Picard group Pic(X) and 
the canonical divisor fCx are 

8 8 

Pic(X) = ZHo + ZH1 + J2 ^Ei, Kx = -2i/o - 2//1 + ^ Ei, 

i=l i=l 

where the intersection numbers of pairs of base elements are 



Hi- Hj^l- 5ij, Ei ■ Ej = -5ij, Hi ■ Ej = 0, where 5^, 



J 



1 i^j, 
i^j. 



□ 

Generators of affine Weyl group W{E^^) — {wi (i = 0, 1, . . . , 8)) act on these coordinates 
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and parameters. We give a representation of these actions in order to construct dPlA^^^). 

61 62 h h ^ 
h ba h-j fog ' ' 

Ol - 4 O2 - i 4 O3 H 4 O4 H 4 _ 2f +61+62 ^ 

I. I 2t+bi+fe2 A I 2f+fei+fe2 A I 2t+fei+b2 A I 2t+fei+b2 ' 4 ' y 

O5 H 4 06 H 4 O7 H 4 08 H 4 

wi- {t, f,g) {-t,g, f), wc.{hi^i,hi)'r-^{hiA-i) (i = 3, ...,7), 
w^s: (&i,&2) ^ (&2,&i), tf^o: (&7,&8) (&8,&7), 

where ^ is given by 

_ f-pib2 + t) p(t-^)-p(2t-^) p(2t)-pit-h)g-pit-h) 
f-p{b^+t)p{t-!^)-p{2t-^) p{2t)-p{t-h,)g-p{t-hy 

Notice that we can rewrite the action of W2 into the following form: 

W2 : (ci, C2, t, 5-) (-^ (-C2, -Ci, t - M(/, Ci, C2, t)^'), 

where we use the notation Cj = 6j + 1 and M(/, Ci, C2, t) is defined by ( p^.3| ). 

By taking a translation of iy(i?g^''), we obtain a nonlinear difference equation. The 
translation can be described by a product of simple reflections WiS. 

dP{A^Q^) = Wl O W2 O W3 O Wg O W4 O W3 O W2 O O W4 O O Wg O Wq O O W4 O WgO 

O W2 O Wy O Wq O Wr, O W4 O W3 O Ws O Wo O Wl O Wq O W5 O W4 O W3 O W2 O WlO 

(2.8) 

O W2 O O W4 O O Wq O Wj O Wq O Ws O Ws O W4 O O Wq O Wf O W2 o W3O 

o W4 o o Wq o wg o W3 o W4 o o W2 o Ws o W4 o ws o W3 o W2 : 

1 ^ 

(2.9) (6„t,/,^?)H^(6„t + A,/,^) (« = !,. ..,8), A = -^6„ 

i=l 

where mappings of /, g are defined by ( p.l|) , (p.2|) . 

Remark 2.2. In [|^, we obtain Ap^'^-surface by blowing up with the centers at nine points. 

(2.10) yh = 4:x^-g2xh-gsz^, 

pr. {p{ei):p'{e,):l) (2 = 1,..., 9), 

(2.11) xia^) = Or+i - (^ = 1, . . . , 7), x(a8) =61 + 62 + 63, x(«o) = ^^9 - ^s- 

Both parameters and coordinates correspond as follows: 

(2.12) b, = -^i6, + 62), k = 6,+, + ^i6, + 62) it = 2,...,8), 1 = ^(6^-62), 



(2.13) /= 



(2.14) g 



- (I2p(|)2 -g,)x- 2p'(|)t/ + (4p(|)3 + ^2p(|) + 2g,) z 
(4p(|)3 - 3<72P(|) - 4^73) X - 2p(|)p'(f )y - (^?2p(f )^ + QgspCi) + I 



2; 



- (I2p(f )2 - ^72) X - 2p'(|)y + (4p(|)3 + g2pC-i) + 2gs) z 
We note that the next formula holds for any ^, 

(2.15) p{e^^) 

(4p((p)3 - 3(?2p(<^) - 4^73) p{Q) - 1^{^y{^y{Q) - {g2p{vf + 6^73P(^) + f 



- (12p(<^)2 - ^72) p{Q) - 'lp'{v)p'{Q) + (4p(<^)3 + ^72P(<^) + 2(73) 
This formula is a kind of additive formula of p-function. □ 
Note that points on the elliptic curve (|2.4| ) move to points on this elliptic curve. 

Proposition 1. dPi^J^Q^') has the following trivial solution: 

(2.16) f = p{q + 2tyX + t), g = p{-q - 2t^/\ + t), 

where q is a constant determined by initial condition. 

Proof. We suppose that the solution's form is / = p{p + t), g = p(t — p), where p = p(t). 
We input them into ( |2.1| ), ( |2.2| ). We note that the following identity holds for arbitrary c, 

p{2t-^-c)-p{2t-^ + C2) p{c) - Pic) p{2t - c) - p{2t - C2) 
p{2t~^-c)-p{2t-^ + c^)p{c)-p{c2)p{2t-c)-p{2t-c,) 

_ p{2t- '-^) -p{2t-'-^ + C2) p{2t) - p{2t - C2) 
p {2t - a±« ) _ p (2t - + ci) p(2t) - p{2t - ci) ' 

because both sides equal to 

a{2t - £i±£^ + cQ V(c2) V(2t - cQ^ 
^(2t - a±£2 + c2)V(ci)V(2t - C2)2- 



Since ( p.l7|) is equivalent to 



(2.18) p{2t-'-^-c)= M{p{c), ci, C2, t)p(2t - c), 
we obtain 

(2.19) pit + \~p) = pi-3t-X-p), 

(2.20) p(t- A+p) = p(-3t + A + p). 
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The compatibihty condition of them leads one difference equation, 

(2.21) p = p + At + 2\. 
So that, 

(2.22) p = q + 2t^/\. 
where g is a constant determined by initial condition. 



□ 



2.2 Linear equation 

We derive the following theorem in this section. 

Theorem 2. A solution of the following system of equations is written by a solution of linear 
equation; 



(2.23) 



fg 




g 




f 


1 


p{h + t)p{t 


-h) 


pit- 


bi) 


p{bi+t) 


1 


p{h + t)p{t 


-h) 


p{t- 


bs) 


p{b3 + 1) 


1 




-h) 


p{t- 


&5) 


p{b5 + 1) 


1 


fg 




g 




f 


1 


p{bs + t)p{t 


-h) 


P{i- 


bs) 


p{bs + 1) 


1 


p{be + t)p{t 


-be) 


P{i- 


be) 


pipe + 1) 


1 


p{bi + t)p{t 




P{i- 


b,) 


p{bi + 1) 


1 



(2.24) 



where t = t + X. When 6i + 63 + 65 + 67 = 0, a solution of this system is a special solution 

ofdP{A^i^) (fp, (U;. □ 



Transforming these equations, 
(2.25) 



p{bs+t)p{t-b^) p{i-bs) 1 
p{be+i)p{i-be) pit - be) 1 
pib4 + 1^pii - bi) pit-bi) 1 


/ + 


p{bs + t)p{t-bs) pibs + i) pii-bs) 
p{be + t)p{t - be) pibe + i) pit - be) 
pib4 + t)p(t - bi) p(64 + t) pit-bi) 




pibs + t) pit-bs) 1 
pibe + i) pit -be) 1 
pib^ + t) pit-bi) 1 


/ + 


p{bs + t) pit-bs) pibs + i) 1 
p{be + i)p{i-be) pibe + i) 1 
pib4 + i)pii-bi) pibi + i) 1 
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(2.26) 



/ 



p{bl + t)p{t-bl) pih + t) 1 

p{b3 + t)p{t - h) pib;+t) 1 

p{b5 + t)p{t-b5) p{b^ + t) 1 


9 + 


pibi+t)p{t-bi) p{t-bi) pibi+t) 
p{b; + t)p{t-b^) pit-bs) pib^ + t) 
p{h + t)pit -h) p{t-b^) p{b5 + t) 




p{t-b^) p{b, + t) 1 
p{t-bs) p(b; + t) 1 
p{t-b^) p(b^ + t) 1 


9 + 


p{b,+t)p{t-b,) p{t-bi) 1 
p{bs + t)p{t-bs) p{t-bs) 1 
pih + t)pit - b^) p(t-b^) 1 





Eliminating /, we can obtain a difference equation of the first order with respect to the 



variable g. When g is expressed by homogeneous coordinate [g 



9L' 

32 ■ 



Si 

92 



, 9 

"0^91+^92 ' '^^^ solution g is represented by solution of linear equation: 



leads to 

C9+D 





Now we demonstrate Theorem |^. On the condition &i + 63 + 65 + bj 
curve / = 0, where 
(2.27) 



0, we consider the 



f9 

p{bi+t)p{t-b{] 

p{b3 + t)p{t~bs] 

p{h + t)pit-h) 



9 

p{t - 61) 

p{t - h) 

p{t - b^) 



f 

pih + 1) 
p{h + t) 1 



f9 g f 1 

p{ci)p{2t - ci) p{2t-ci) p{ci) 1 

p{c3)p{2t - C3) p{2t-C3) p{c3) 1 

p(c5)p(2t - C5) p(2t-C5) p(c5) 1 



Remark 2.3. On this condition, pi 
holds, 



1, 3, 5, 7) lie on J = 0, because the following formula 



(2.28) 



p{b^+t)p{t-b^) p{t-bi) p{b^+t) 1 

p{bs + t)p{t-bs) p{t-b3) pibs + t) 1 

p{b5 + t)p{t-b5) p{t-b^) p{b^ + t) 1 

p{bT + t)p{t-bj) pit-b-j) pibj + t) 1 

The curve / = has the divisor class C = Hq + Hi — Ei 
intersection number of C is —2. In this case, we can restrict affine Weyl group action on the 
curve / = 0, which is isomorphic to P^, and the translation is automorphism on namely 
homographic transformation. □ 

Calculating W2 acting /, we set / as follows: 



0. 



E3 — Ek — E7, and the self- 



(2.29) 



fg g f 1 

p{c2)p{2i+C2) Pi2i+C2) P{C2) 1 

p{c3)p{2i - C3) p{2t-C3) p{c3) 1 

p{c^)p{2t - c^) p{2t-c^) p(c5) 1 
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where t 
(2.30) 



C1+C2 
4 ■ 



Then 



fpi2i) - p(2t + C2) p{2t) - p{2t - C2] 



\p{2i) - p{2i+ci) p{2t) - p{2t - ci 
{p{2t - ci) - p{2t - C2)){p{2i + C2) - p{2i+ci)f 



if - P(C2))(P(C2) - p{Cs)){p{c2) - P(C5)) 



/ / 9 I 

p{ci) p{2t - ci) 1 

\ P{C2) P(2t-C2) 1 



p(ci) p{2t - ci) 1 
p{c2) p{2t - C2) 1 

P(C3) p{2t - C3) 1 



p(ci) p{2t 
p{c2) p(2t 
P(C5) p(2t 



C2) 

C5) 



Therefore / = =^ 1 = 0. Similarly we consider the curve X = 0, 



(2.31) 



Then / = 



X 



fg 

p{bs + t)p{i-bs) 
p{h + t)p{i- be) 
p{b^ + t)p{i- 64) 



9 

Pii-bs) 
p{t- be) 
p{t- 64) 



/ 

p{b8 + 1) 
p{h + 1) 

p{h + 1) 



(2.32) 



X = holds, and we consider the curve / = 0, 

fg 9 f 

p{bi + i)p{i~bi) p(t-bi) p{bi + i) 

p{b^ + i)p{i-b^) pii-bs) p{b3 + i) 
p{b^ + t)p{i -b^) p{t-b^) p{b^ + t) 



Then / = =^ 1 = 0. This means that /, g which satisfy / = are a special solution on 
the condition 61 + 63 + 65 + 67 = 0. 



3 Multiplicative type 

We can obtain -surface from Aq -surface by degeneration. By the same process the 
Aq^"**- surface discrete Painleve equation and the linear equation also can be obtained. 



3.1 Discrete Painleve equation 

We discuss about the following theorem in this section. The equations obtained by the 
degeneration in the theorem coincide with the equations in p. 



Put g2 = |(1 + 3£:^), gs = —^(1 — Qe^) in the Ag^^-surface discrete Painleve equation 
TT|), (p.2|) and let e tend to 0. Then we obtain the AQ^''*-surface discrete Painleve equation. 
Moreover the change of the variables and parameters e^* = ti,e'^^ = Ai,/ = | '/^ _ 2° > 9 ~ 
Pi yields the expression in the following theorem. In the expression we replace 



1 31+10 „2b.. 
3 91-2 ' 
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again ti by t and Ai, /i, gi, (3i by A, /, g, hi, respectively. For the sake of simplification of 
notation, the replacement process will be written as follows: 

e t, e ^ A, f ^ — , q , e ^ ^ bi. 

These are summarized as follows: 

Theorem 3. Make the substitution: = |(1 + 2>e'^), g^ = -^{l- Qe^) in dP{A^^^) ^ 
(2.i ). Take the limit e — > 0. Moreover by the change of variables and parameters: e^* 
t,e^^ ^ A, / ^ l^,g^ l^,e^'' ^ h, we obtain dP{A^^^*): 

{gt^X-f){ge-f)-{t^\^-l){t^-l) 



= A^ (/^ - niitf + (mat^ - 3 - mgt^)/^ + {mjt'^ - m^t^ + 2mit)f 
•^^■^^ + m^f - m^t^ + rriit'^ - m2t^ + I) 

■ {msf - nnf/t + {m^/e - 3m8 - l/t^)f + {nii/t' - m^/t^ + 2nn/t)f 
+ - ma/t'^ + mjt^ - m^jt^ + m^~^ , 

{fty\-g)ife-g)-{ty\'-i){t^-i) 



(3.2) 



(/A/t^ - g){f/t' -9) -{I- A7t4)(l - l/t^) 
1 

~ A 



—^[nisg^ — nijtg'^ + {niQt^ — 3ms — t^)g'^ + (mit''' — m^t^ + 2mit)g 



+ t^ — m2t^ + m4t^ — mgt^ + mg) 

• - mi^^Vt + (ms/t' - 3 - m8/t^)(?2 + (mr/t' - mg/t' + 2mi/t)(7 
+ ms/t^ - me/t^ + m^/t^ - ms/t^ + 



where g = g(tX), f = f(t/\), A = ■\^Y\A=i^i' "^'^^ elementary symmetric function of 

6, (j = l,...,8).~ □ 

The above theorem shows that we can obtain dP{A^^*) from dP{A^Q^). But, for readers' 
convenience, we describe geometrical construction of this discrete equation similar to the 
previous section. 

We construct y4Q^^*-surface by blowing up x at eight points. These eight points and 
a curve which these points lie on are as follows: 

(3.3) f + 9'-(t' + ^)f9+(t'-^y = 0, 



(3.4) Pi-. + + (z = l 



, . . . , v^y , 



bit bi t ^ 

e2x(ai) ^ ^-4^ g2x(«2) ^ ^^^^^2^ g2xK) ^ ^^/^^^^ (z = 3, . . . , 7), 



(3.5) 
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Generators of affine Weyl group W{E^'^) = {wi {i = 0,1, . . . , 8)) act on these coordinates 
and parameters. We give a representation of these actions in order to construct dP{A^Q^*). 

, h 62 h h ^ 

65 be 67 bs 

hil{</hh^f b2/{^/hh^f b^^/hh^ b^^/hh^ 
hv^hW k^hb^ b-j^hb^ bs^hb^ 

wi: {t,f,g)\-^ (l/t,g,f), w,,: ^ {h,bi_i) (z = 3, . . . , 7) 

Ws: (fel,&2) ^ (&2,&l), Wq: (&7,&8) ^ (&8,&7), 

where g is given by 



Notice that we can rewrite the action of W2 for q = bit into the following form: 

W2- {ci,C2,t,g) ^^ (I/C2, l/ci,t/^c^,g). 

Here we put F and F as 

C1C2 

then the relation between F and F can be simply represented as 

/o fiN f (^1^2/ - Cl - C2)F - (C1C2 - 1) 

(C1C2 - 1)F + (/ - Cl - C2) 
So this transformation can be represented by PGL(2)-action: 

(3 7) f=( ^^^2/ - Cl - C2 -(ciC2 - 1) ^ r 

\ C1C2 - 1 f -C1-C2 J 

By taking a translation of W{E^^), we obtain a nonlinear difference equation. The 
translation can be described by a product of simple reflections w^'s. This representation is 
same as the case of dP{Al^^), that is ( p.8|) . 

Now we calculate g from g and /. Putting F, F, 

- 1 ' . t-^ 1 1 ' 
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g can be described as follows: 



(3.8) 



CjCsf-Cr-Cg -(C7C8-1)W C5C6/-C5-C6 -(C5C6-I) 

C7C8 — 1 f — C7 — Cs J y c^Cq — 1 / — C5 — Ce 

C3C4/ - C3 - C4 -(C3C4 - 1) \ / C1C2/ - Ci - C2 -(C1C2 - 1) 

C3C4 -1 /-C3-C4/\ C1C2 - 1 / - Ci - C2 



r. 



Here N and D cirG clS follows: 

^^^^ N = f - mitf + {m2t^ - 3 - mst^)f + (mrt^ - rust^ + 2mit)/ 
+ mgt^ — mgt^ + m4t^ — m2t^ + 1, 
= mgf - mjf/t + {m^/e - ?>m^ - l/t^)f + {rm/f - m^/e + 2rm/t)f 
+ l/t^ - m^jt^ + m4/t^ - mg/t^ + mg, 
where mj is the i-th elementary symmetric function of 6j's. This equation can be modified 

^s r(f-/) + i _iv 
f(r-/) + i z^- 



This equation is (|3.1| ). 
Similarly putting $, 



J- - 1 ' 1 _ 1 1 ' 



/ can be described as follows: 
$ = 



dydgg -dj-dg -{djd^ - 1) \ / ^5451 - d^ - d^ -{d^d^ - 1) 
djds — 1 g — dj — dg j \ d^d^ — 1 g — d^ — d^ 



(^'^11^ I dsd4g-ds-d4 -(4(^4 - 1) \ / did2g - di - d2 -{did2 - 1) 

^3^4 — 1 g ~ d-^ — di I \ did2 — 1 g — di — d2 



V/t^ -(V/t« - A)/(7 

(V/t« - A)/(7 A 



Here V and A follows: 

^^^^ V = mggf^ — rrijtg^ + (mgt^ — 3ms — t^)*?^ + {niit^ — m^t^ + 2mjt)g 

+ — m2t^ + m4t^ — mgt^ + mg, 
A = - m^g^t + (7712/^2 - 3 - mg/tS)^?^ + {jm/t' - m^/t^ + 2mjt)g 
+ mg/t* - mg/t^ + m4/t^ - m2/t^ + 1. 
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This equation can be modified 

^s $(1>-^) + l _ V 

This is (O). 



Remark 3.1. In [12 , we obtain Aq -surface by blowing up P with the centers at nine points 



(3.14) y'z = Ax\x + z), 

f 1 -2cosh^i \ , 

(3.15) x(«.) = ^.+1 - (* = 1, • • • , 7), x(«8) =61 + 62 + 63, x(«o) = ^9 - ^8. 
Both parameters and coordinates correspond as follows: 

61 = exp (-^(^1 + ^2)) , k = exp (29,+, + + 92)) (^ = 2 

(3.16) ^ ' ^ n 

t = exp {-{9, -92) 

(3.17) / : 

(3.18) g -- 



) . . . ; ^/ ) 



2 

-2(1 - 6e2^i + e^^i)x - (1 - e^^^)?/ + IGe^^^^ 

e^i (2(l + e2^i)a;- (1 -e'^Oz/) ' 
-2(1 - 6e2^2 + e4e2)3, _ _ ^4^2)^ ^ iQe^^^^ 

(2(1 + 62^2)3; _ (i_e2e2)j/) • 



□ 



Similar to the case of ^o^"*, dP{A^Q^*) has a trivial solution. 
Proposition 4. (iP(ylQ^''*) /ias the following trivial solution: 



1 t ^e^PlnSr^ 



(3.19) / = tgexp(^)+ 77^r-^,9 = T^TT^ + 

^ ^ ^^-p(M) gexp(^) ^ 

where q is determined by initial condition. 
3.2 Linear equation 

We present a special solution of dP{A^Q^*) in this section. 



Theorem 5. By the limiting process: g2 = |(1 -l- Se'^), gs = —^(1 — Qe^) {e 0) in 



l \2.24\) , and the change of variables and parameters: e^* —>■ t,e'^^ — » A, / ^ \^T^'>9 
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ig+10 ^2b, 



3 g-2 



bi, we obtain the system of equations: 



(3.20) 





fg 










9 




f 




bit + 


1 ^ / 

bit J \ 


' t 
h 


+ 


bi\ 
t J 


t 

bi 


+ 


bi 
t 


bit + 


1 

bit 


b3t + 


1 \ / 

63* ; \ 


t 


+ 


bs] 
t J 


t 

bz 


+ 


bz 
t 


M + 


1 

bzt 


b^t + 


1 \ / 

b^t J \ 


t 

b5 


+ 


bs] 
t 1 


t 

b5 


+ 


bs 
t 




1 

bst 



(3.21) 



fg 



f 



M + 


1 A 

bst 1 


( * 

Us 


+ 


b&\ 
t J 


t 

bs 


+ 


68 
t 




1 


M + 


1 \ 
bat 1 


Ue 


+ 


bA 
t J 


i 
be 


+ 


be 
t 


M + 


1 

bst 


M + 


1 \ 
bit J 


U4 


+ 


bA 
t J 


t 

bi 


+ 


64 
t 


M + 


1 

bit 



where t = t\. 

A solution of this system is a special solution of dP{A''Q^*) with 61636567 = 1. 



□ 



We can easily check that the equations ( p.20|) , (|3.21|) define a special solution of dP{A''Q^*) 



similar to the case of A, 



(1) 



Transforming these equations 
(3.22) g-- 



f ( (62 + 64 + 66 + 63) t - ( + i + 1 
V \b2 64 66 

- (6264 + 6266 + 6263 + 6466 + 6463 + 6568) 



1 

h 



t'--] + {tH 



2j2 



tH^ 



62 64 be bs' 



be + bs) I 



(3.23) /-(.((^ + ^ + ^ + ^)^-(^i + ^3 + 6. + 6.)l) 

- (61&3 + hb5 + 6167 + 6365 + 6367 + 6567) (^t^ - ^) + (^^ " ^) ) 

Eliminating /, we obtain a difference equation of the first order with respect to the variable 
9- 



4 Additive type 

We can obtain AQ^^**-surface from Aq^''*- surface by a degeneration process. By the same 
process the AQ^^**-surface discrete Painleve equation and linear equation also can be obtained. 
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4.1 Discrete Painleve equation 

We discuss about the following theorem in this section. 

Theorem 6 (ORG[^). By the limiting process: t e^*, A ^ 1 + e\, / 2 + e^f, 
g^2 + £^g, k e'^\ ^ 0) , we obtain the dP(Aj^^**) from rfP(A{,^^*) g): 

^4 (/ - ^ + (2t + A)^)(/ - g + At') + 4/(2t + X)2t ^ + ^2/' + S,p + SJ + Ss 



2t{f -g + i2t + A)2) + (2t + X){f-g + At^) S,P + S^P + S,f + Sj ' 

(g-l+(2t- X)')ig -f + At') + Agi2t - A)2t g^ + ^,g^ + ^,g^ + ^,g + 
2t{g-l+{2t-X)') + {2t-X){g-f + At') E.g'^ + E^g' + ^^9 + ^7 ' 

where g = g(t + A), / = f{t — A), A = | XlLi ^■^ ^"^^ elementary symmetric function 
of the quantities cj = bj +t {j = 1, . . . , 8), Sj is the i-th elementary symmetric function of 
the quantities dj = t — bj . □ 

The above theorem shows that we can obtain dP{A^Q^**) from dP{Al^^*). But we describe 
geometrical construction of this discrete equation similar to the previous section. 

We construct 74Q^^**-surface by blowing up x at eight points. These eight points 
and a curve which these points lie on are as follows: 

(4.3) ^f-g)^^st'{f + g) + 16t' = 0, 

(4.4) p,: {(b, + t)',it-h)') (2 = 1,..., 8), 

X(ai) = -2t, x{a2) = lib^ + b2)+t, x(«i) = ^(^i - &i-i) (^ = 3, . . . , 7) 

(4.5) \ ^ 2 

Xi^s) = -{b2 -bi), x("o) = -(&8 - &7). 



Generators of affine Weyl group W{Eg ) = {wi (i = 0, 1, . . . , 8)) act on these coordinates 

(1 




and parameters. We give a representation of these actions in order to construct dP{A^^^** 



61 62 &3 &4 ^ 
&5 be 67 &8 ' ' 



_ g 2t+6i+62 ^2 _ g 2t+bi+fe2 _|_ 2t+bi+b2 _|_ 2t+bi+b2 



1 I 2t+bi+fe2 /, I 2f+fei+fe2 /, I 2t+fei+b2 /, I 2t+fci+b2 ' 4 

O5 H z "6 H z "7 H z "8 H 



4 '^2'-'4 -^ciT 4 1^4 4 2f+bi+fe2 ^ 

wi: (t, f,g) ^ {-t,g, f), : (6i_i, 6^) f-^ (6,, 6,_i) (i = 3, . . . , 7), 
ti's: (&i,&2) (&2,&i), w^o: (&7,&8) (&8,&7), 

where ^ is given by 

~9-{2t-'-^Y _f-{b2 + tfg-{t-b,f 



~g-[2t- f-{bi+ ty g-{t-b 



'2/ 
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Notice that we can rewrite the action of W2 for Ci = bi + 1 into the foUowing form: 

W2 : (ci, C2, t, g) ^ (-C2, -Ci,t- g). 

Here we put F, F, 

^_ f-9 + ^t' ~_ f-g + i2t-^-^y 
At ' 4t - ci - C2 

then the relation between F and F can be simply represented by PGL(2)-action: 
(4.6) V=( ^^'^'^ -ici + C2)f\^_ 

y -(ci + C2) / + C1C2 J 

By taking a translation of iy(i?8^''), we obtain a nonlinear difference equation. The 
translation can be described by a product of simple reflections Wj's. This representation is 
same as the case of dP{A^Q^), that is ( p.8|) . 

Now we calculate g from (7 and /. Putting F, F, 



it 4t-EliQ -4t-2A 

g can be described as follows. 

/ + C7C8 -(c7 + C8)/\/ f + C^Ce -(Cs + Cq)/ 
-(C7 + Cg) / + C7C8 J \ -(C5 + Ce) / + C5C6 

/ + C3C4 -(C3 + C4)/W / + C1C2 -(C1+C2)/ 
y -(C3 + C4) / + C3C4 J\-{Ci+C2) / + C1C2 

+ S^f + S,p + Sef + Ss -{S,p + Ssf + S^f + S,)/ 
-{SiP + S,f + SJ + Sr) + S^f + S,f + 56/ + ^8 

where Si is the i-th elementary symmetric function of Cj's. This equation can be modified 

tV-f _ f' + S2f + S,p + Sef + Ss 
f-F S,P + SsP + S,f + • 



This equation is (|47l| ). 
Similarly putting $, $, 



^ g-f + it' ^ 9-L+ (-2^ + I Ell ^.)^ _ ^ - / + (2t - A)^ 
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/ can be described as follows. 



g + djds {d7 + ds)g \ ( g + d^de {d:i + dQ)g 
dj + ds g + drds j \ d^ + d^ g + d^d^ 



I 9 + d^di (4 + di)g \ I 9 + did2 {di + d2)g \ ^ 
d3 + d4 g + d^di J y di + d2 g + did2 J 

g^ + S2(?3 + S4(?2 + J:,g + (Si^?^ + j:^g2 + S5(? + ^j)g 



where di = t — bi {i = 1, . . . ,8), and Sj is the i-th elementary symmetric function of dj^s. 
This equation can be modified 



$ - $ + ^35(2 + E^g + E-j 

This is (O). 



Remark 4.1. In [|T2|, we obtain 74Q^''**-surface by blowing up with the centers at nine 
points. 

(4.9) y^z = 4x^ 

Pi-, {ai : -2 : a^) (i = 1, ...,9), 
X{ai) = (tti+i - ai)/X (i = 1, . . . , 7), ^("s) = (ai + ^2 + a3)/A, 

(4.10) 9 

x(ao) = (og - a8)/A, A = > ^a^. 

i=l 

Both parameters and coordinates correspond as follows: 

3 1 1 

(4.11) bi = --{ai + a2), 6i = 2ai+i + -(ai + fla) (^ = 2, . . . ,8), t = -(ai - as), 

4.12 / = \ , g = \ . 

2x + aiu AX + a2y 

□ 

Proposition 7. dP{A^Q^**) has the following trivial solution: 
(4.13) / = (g + 2tVA + t)\ g = {-q- 2tVA + tf, 

where q is determined by initial condition. 
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4.2 Linear equation 

We present a special solution of dP{Al^^**) in this section. 

Theorem 8. By the limiting process: t e^*, A — > 1 + e\, f ^ 2 + e'^f, g ^ 2 + e'^g, h, 



0) in il3.2C\ ), i\3.2J\ ), we obtain the system of equations: 



(4.14) 



fg 






g 


f 


1 


ih+tnt- 


bif 


(t 


-brf 


{bi + tf 


1 


ih+tfit- 


b,? 


it 


-b,f 


(b, + tf 


1 


ih+tfit- 


b,f 


(t 


~b,f 


(&5 + tr 


1 


fg 






g 


f 


1 


{bs + t)\i- 


bsf 


(i 


-b,f 


{bs + tf 


1 




b,? 


(i 


-b,f 


(be + tf 


1 


ib, + tfit- 


b,? 


(i 


-b,f 


(b, + tf 


1 



0, 



(4.15) 



where t = t + X. 

A solution of this system is a special solution of dP{Al^''**) with bi +&3 + 65 



0. □ 



We can easily check that the equations ( [4.14| ),( ^?T5D define a special solution of dP{Al^^* 
Transforming these equations, 



(4.16) 
where 

^ijklit) 

Bijki{t) 



— ^2468(~^)/ + -B2468(^) 
128(t + t)/-A2468(¥) 



/ 



v4i357(t)c/ + Ei357(t) 
256t(7 + ^1357(-t) ' 



-8{k + bj -h- bi){h - bj +bk- bi){h - bj - bk + k) 

+ 16((6, + bj -bk- bif + {h - h + bk- hf + {hi - b, -bk + bif)t - 256t3 



-(36i - bj -bk~ bi){3bj - k - bk ~ bi){3bk -h- bj - bi){3bi 



bk)t 

5 



- 32((6, + -bk- biY + {hi - b, +bk- biY + {bi - b, -bk + bify + 768t 



Eliminating /, we obtain a difference equation of the first order with respect to the variable 
9- 



5 Riccati solution of dP{A\ ) 

We can obtain A\ -surface from Aq -surface by a degeneration process. By the same process 
the ^[^''-surface discrete Painleve equation and linear equation also can be obtained. 
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Theorem 9. By the limiting process: 



, hi 



eVt ' y eg 

hip^l^/e{i = 1,...,4), bi ep^'^/hi{i = 5, . . . , 8) (e ^ 0) zn I^M ), ^^M ), where p 



(bbbQbjbs), we obtain the system of equations: 



(5.1) 



fg g f 1 

t^ t/bi bit 1 

t^ t/b^ b^t 1 

1 1/&5 h 1 



fg -g f I 

1 l/bs bs 1 

1 1/&6 &6 1 

b^t 1 



where t = tX. 

A solution of this system is a special solution of dP{A^^^) with b^b-j = bib^p. 



□ 



We introduce this theorem in this section. 

By the hmiting procedure on the Ag^"**- surface discrete Painleve equation (|3.2|), we 
obtain the A l^^"*- surface discrete Painleve equation ([§[). 



(5.2) 
(5.3) 



{f9-tt)U9~t^) {f-ht){f- b,t) if - b,t) if - b,t) 



ifg-l)ifg-l) 
if 9 - t') ilg - tj) 



if~h){f~b,){f-br)if-bs) ' 
{9 - t/hi){g - t/b2){g - t/bs){g - t/b^) 



if 9 - 1) (19 - 1) {9- l/h){9 - l/be){g - l/h){g - 1/68) ■ 

We can construct dP{A^^^) by geometrical approach similar to the above discussions, but 
we only show the construction of surface. Here ^^^''-surface is obtained by blowing up x 
at eight points. These eight points and a curve which these points lie on are as follows: 



(5.4) 



bit, t- 



if9-t')if9-l] 
(i = l,...,4), Pi-. 



0, 
bi, 



5,... 



By the same limiting procedure on the system of equations ( |3.2CI| ), ( ^.21| ), we obtain the 
system of equations ( ^.1|) , or 

fil-ti)+t{i{be + bs)-b2-bi) 



(5.5) 
(5.6) 



9 
f 



g{be + b8- t{b2 + 64)) + Khiti- 1)' 
gbMt^ - 1) + + b3- tjb^ + bj)) 
9{t{bi + 63) - 65 - &7) + 1 - 



These equations coincide with the equations in [11 



6 Discussion 

In the paper, we derive the linear equations as the special solutions of discrete Painleve 
equations. So that we show that these equations belong to the hypergeometric family, we 
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will seek the series solutions of them like the g-hypergeometric series. If there exists the 
series solutions of dP{A'"Q^), it should be called elliptic- hypergeometric series. 
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